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Abstract

The objective of this paper is identification and analysis of excitation regimes, when nonlinear effects are
pronouncedly developed in the stationary dynamics of an infinitely long uniform elastic plate under heavy
fluid loading. The method of multiple scales is applied and the solutions of the amplitude modulation
equations for two types of excitation are obtained in a closed analytical form. Results of the asymptotic
analysis reported in this paper highlight several aspects of the nonlinear dynamics of such a plate, which
have not previously been studied in detail. It is shown that for ‘weak’ excitation of a resonant wave the
stationary response is controlled by the structure-originated nonlinearity, whereas for ‘strong’ sub-
harmonic excitation the stationary response is controlled by the fluid-originated nonlinearity. In both these
cases, a dependence of the amplitudes of directly and indirectly excited resonant waves on the amplitude of
the driving force is determined.
© 2004 Elsevier Ltd. All rights reserved.

1. Introduction

The nonlinear dynamics of an elastic plate under heavy fluid loading is of considerable practical
concern both in ‘classical’ technical applications (for example, vibrations of naval structures in
water) and in ‘advanced’ applications (for example, dynamics of electro-statically driven micro-
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electromechanical systems). Apart from this practical importance, analysis of forced resonant
response of such a plate is of fundamental interest from the viewpoint of the theory of nonlinear
dynamical systems.

This nonlinear problem has been studied in Refs. [1-6]. In Refs. [1-3], classical perturbation
methods are used to deal with the case of so-called ‘light fluid loading’ of a nonlinear structure. In
effect, this assumption implies that the resonant frequencies of a plate of finite dimensions are not
altered due to the presence of fluid loading, which is not realistic in the case of, say, vibration of a
steel plate in water. Vibration of an infinitely long plate with periodically spaced supports exposed
to heavy fluid loading is considered in Ref. [4], where the cubic structural ‘stretching due to
bending’ nonlinearity is considered together with the quadratic nonlinearity in the formulation of
the contact pressure and in the continuity condition. It is shown that the structural nonlinearity
controls the steady-state response in resonant excitation conditions (which are identified with
linear fluid loading effects taken into account), whereas in the case of sub-harmonic excitation the
‘fluid-generated’ nonlinearity becomes dominant. The same model is used to deal with nonlinear
vibrations of a baffled plate in Ref. [5]. Mean flow effects on the dynamics of a nonlinear plate
with heavy fluid loading are studied in Ref. [6]. In the latter reference, a model of an
incompressible fluid is used and the cubic nonlinear curvature of a plate is considered as well as
the ‘stretching due to bending’ nonlinearity.

The present paper is aimed to extend the methodology suggested in Ref. [4] to the case, when
‘stretching due to bending’ structural nonlinearity does not exist inasmuch an infinitely long plate
1s not periodically supported, but this structure exhibits the nonlinear behaviour of another
physical origin. In contrast to Ref. [6], the analysis involves fluid’s compressibility in the absence
of a mean flow.

2. Problem formulation

In the present paper, the theory suggested in Refs. [4-6] is used in the case when a fluid-loaded
infinitely long plate does not have any periodic supports and is exposed to resonant excitation.
The plane problem formulation is explored (see Fig. 1). The plate has thickness /4, Young’s
modulus £ and density p. It is loaded by a static axial tensile stresses ¢ (which gives a force
resultant of ¢/) and is exposed to fluid loading generated by an acoustic medium which occupies
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Fig. 1. The geometry of the system.
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the lower half-space. The acoustical properties of this medium are sound speed ci and density py.
The plate is driven by a distributed lateral harmonic force §(x,¢), which produces flexural
vibrations defined by the function Ww(x, ¢).

The linear formulation of this classical problem in structural acoustics has been thoroughly
explored by many authors (see, for example, Refs. [7,8]). However, in certain excitation
conditions, which will be addressed in the paper, the behaviour of a driven plate may not be
adequately described by a linear theory of fluid—structure interaction and nonlinear effects should
be taken into account. As discussed in Ref. [4], there are several sources of nonlinearity, which are
brought to light in excitation conditions generating a resonant wave. The ‘structure-originated’
nonlinearity is generated by the ‘stretching due to bending’ effect and by the effect of nonlinear
curvature, which is produced by moderate amplitude of vibrations. As is known from the theory
of nonlinear vibrations of beams and plates of finite length, the former effect is more pronounced
than the latter. However, this ‘stretching due to bending’ effect exists in an infinitely long plate
only if the plate is periodically supported with immobile stiffeners. In an infinitely long plate
without these supports, the in-plane tension can be produced only by stresses ¢ acting at infinity
(similar to the static uniform pre-stress considered in the theory of elasticity, e.g. in the theory of
fracture). Thus, vibrations of an infinitely long fluid-loaded plate without intermediate supports,
which are addressed in this paper, are governed by equation
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The first term in this nonlinear equation, written in dimensional form, is related to the exact
formulation of the bending moment in terms of curvature 7~ !(%):
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All other terms on the left-hand side of Eq. (1) are linear. The second term describes the influence
of the axial tension ¢, which is independent of flexural deflection. The third term presents the

conventional formulation of the inertia of a plate.
A contact acoustic pressure p exerted at the surface of the plate also contains the nonlinear

components
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Eq. (3) presents the nonlinearity in the exact formulation of Bernoulli’s equation, which may be
referred to as ‘fluid-originated’ nonlinearity.
The linear wave equation holds for an acoustic medium (see discussion in Ref. [4]):
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Finally, the following continuity condition is formulated at the surface of the plate, Z = 0:

a(p ow Lo ow 00
2% 0of ' ox ox

This equation is formulated at the deformed surface of the plate with first-order terms retained,
sin[arctan(0w/0X)] &~ 0Ww/0X, cos[arctan(0w/0X)] ~ 1. Thus, formula (5) describes the nonlinearity
in fluid-structure coupling.

Formulation (1)—(5) of the problem of the dynamics of an infinitely long elastic plate under
heavy fluid loading contains three nonlinear components, identified as ‘structure-originated’
nonlinearity (2), ‘fluid-originated’ nonlinearity (3), and ‘coupling-originated’ nonlinearity (5). This
problem formulation differs from the earlier ones [4-6]. Unlike the case treated in Refs. [4,5], here
forced vibrations of an infinitely long homogeneous plate (i.e., a plate without periodic immobile
supports) are addressed. The compressibility of the fluid is taken into account, unlike in the
problem solved in Ref. [6].

In practice, it is not quite realistic to assume that the amplitude of stationary vibrations of a
fluid-loaded plate may be much larger than its thickness, even in the resonant excitation
conditions. So the finite but small amplitudes of displacements should be considered and the
nonlinear term in Eq. (1) may be expanded in polynomial series with sufficient accuracy if only

linear and cubic terms are retained, i.e.,
2~ 3 v 02w O
_3<6w> 96w6w6 . ©)
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Therefore problem (1)—(5) is treated here as a weakly nonlinear problem, which facilitates use of

classical perturbation methods. Specifically, the method of multiple scales is applied as formulated
in Ref. [9]. Then the system of governing equations is written as
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Here p is a formal small parameter (see Ref. [9]), 6, is a Kronecker symbol and the non-

dimensional variables are introduced as w = wh, ¢ = ¢ch, X = xh, Z = zh, t = t(h/c), c = \/E/p.
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The first term in right-hand side of Eq. (7) should read as u[(12(1 — v?)§)/E] in the case, when
the excitation frequency and the excitation wavenumber satisfy the dispersion equation for a
linear fluid-loaded plate, i.e., at the resonant ‘weak’ excitation. This ranging of the amplitude of a
driving force simply means that small force is able to produce large-amplitude response.
Respectively, in the case, when the excitation frequency and the excitation wavenumber do not
satisfy this dispersion equation, a larger force should be applied to provoke the similar response.
These two different loading cases cast in Eq. (7) by means of parameter 6,. The resonant ‘weak’
excitation is recovered at 6, = 1, the non-resonant ‘strong’ excitation is recovered at 6, = 0.

The lateral displacement of the plate, w(x, ¢), the contact acoustic pressure p(x,z,t) and the
velocity potential in the fluid, ¢(x, z, f), are sought in the form of regular asymptotic expansions in
the formal small parameter u and the first two terms are retained:

w(x, 1) = wo(xo, To, x1, T1) + uwi(xo, To, x1, T1), (I1a)
p(x,z,t) = po(x0, 20, T0, X1, 21, T1) + up;(xo, 20, T, X1, 21, T'1), (11b)
o(x,z,1) = @o(x0, z0, To, X1, 21, T1) + ue (X0, 20, To, X1, 21, T1). (llc)

Here the ‘fast’ and the ‘slow’ coordinates are xo = x, zo =z, To = ¢, X] = ux, z; = uz, T1 = ut.
The derivatives with respect to ‘physical’ variables are

o_9o0,, 0 o0_o0o 0 9°_20o . 0O
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Then the problem to leading order O(1) is linear and is,
in the case of ‘weak’ excitation:
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+12(1 —v?) 12(1 = v*)p, = 0, (12a)

in the case of ‘strong’ excitation:

6;;)0 - 12"(1E_ ») a;;%(’ F12(1 — vz)zz—;%’ 121 — Py = 22 7 i, (12b)
n=-"1 2—?; (120)
Toy Toy_ 000 _ (12d)
oxj 0z cf OT}
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Eqgs. (12c—e) are equally valid for the cases of ‘weak’ and ‘strong’ excitation. This problem is
formulated as a problem for a plate under heavy fluid loading inasmuch as the leading-order
equation (12a) or (12b) contains the coupling term —12(1 — v?)p,. This system of equations in the
absence of any external forcing (4 = 0) is solved in the companion paper [10]. The solution is
partly reproduced here in order to identify the resonant excitation regimes. The unknown
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functions are
wo(x, 1) = Woi(xy, Th) exp(ikxo — iwTo) + Woa(xy, Th) exp(—ikxo — iwT)
+ W03(X1, T1) exp(ikxo + i(DTo) + W04(X1, T1) CXp(—ikX() + i(DT()), (133)

iwh/c

(PO(xv Z, t) =
\/k2 — (a)h/cﬂ)2

— As(z1,x1, Th) exp(—ikxy —iwTo) + A3z(z1, x1, T1) exp(ikxo + iwT)

[—A1(z1,x1, T1) exp(ikxg — iwT)

+ Ag(z1,x1, Ty) exp(—ikxg + ioTo)lexp(zo\/ k> — (wh/cq)?). (13b)
The dispersion equation is
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Here the following additional notation is used: ¢, = \/E/(12(1 —2)p), cpr = /a/p.
It is convenient to introduce the scaling
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and to re-write Eq. (14) as

eQ?
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The analysis of various regimes of wave motion in a fluid-loaded plate is performed in the
companion paper [10] and asymptotic expansions for all roots of this equation are obtained there

in terms of fluid loading parameter ¢. In particular, the purely real root of this dispersion equation
in the low-frequency regime is found to be

K3/2(K2+52)1/2 EKS/z(K2+52)3/2

Q
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(16)

This formula defines several excitation regimes, which are controlled by nonlinear effects.
Specifically, the following two loading cases should be considered in detail:

1. “‘Weak’ excitation at the resonant frequency and the resonant wavenumber (those, which satisfy
linear dispersion equation (16)).
2. ‘Strong’ sub-resonant excitation.

It is appropriate to notice here that—although an infinitely long wave-guide is considered—it is
entirely relevant to identify the forced response of a linear system in the case, when the excitation
frequency and the excitation wavenumber satisfy the dispersion equation, as a resonant one
inasmuch the linear theory predicts the unbounded amplitude of forced vibrations.
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3. Asymptotic analysis of a steady-state response

To determine the dependence of the functions wo(xo, T, X1, T1), Po(x0, 20, L0, X1,21, T1) and
@o(x0, 20, T0, X1, 21, T'1) on the ‘slow’ variables x1, z;, 7', it is necessary to address the first-order
problem. Its solution is different for the two regimes, which are identified in the previous section.

3.1. ‘Weak’ resonant excitation

Consider ‘weak’ resonant excitation (6, = 1) of an infinitely long plate with heavy fluid loading
at frequency w, = w and at wavenumber k, = k. The frequency and wavenumber satisfy the
dispersion equation (14) and are easily found from Eq. (16) as wh/c; = Q(cq/cr)?, kh = K(cq/cL).
To determine the dependence of the functions wy and ¢, on the ‘slow’ coordinates (xi,z, 7T1) in
formulae (13a,b), it is necessary to set up the problem to order O(u).

The equation of structural dynamics to this order is

64w] 126(1 —v?) 62w1 ) azwl )
— 12(1 — —12(1 —
ol E og TG - =vp
_ 120 -7 38w (B (@ 3+9%62W0 B wo
o E 2 6x3 O0xg 8x(2) 0xy Gx% 6x(3)
*wo 240(1 —1?) *wo ) 0wy
24(1 — 1
ooy T B awdm 45T, a7

The contact pressure to order O(u) at the surface of a plate is defined as

0p; , 0¢y 1 09 ? 09y ’
. Ry g 2 . 1
aT() + 6T1 + 2 6x0 + aZ() ( 8)

The velocity potential is governed by the inhomogeneous wave equation,

o
Plz——ﬂ
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2 2 2 A2 2 2 2
@@21 @</;1_C_26<p21:_26<po 5 T 26_2 T (19)
oxg Oz5 ¢y 0T 0x00x1 0z¢0z1 c; 0To0T
Finally, the boundary condition to order O(u) is
991, 09 _ Owi  Owy  OwoCpy (20)

aZ() azl o 6—T0 a—T1 aX() aX() ’

Problem (17)—~(20) is linear for the functions w(xg, To,x1, T1), ¢(x0,20, T0,X1,21,711) and is
formulated only in the ‘fast’ variables x, zg, 7o with respect to these functions. Thus, its solution
may be sought by use of a superposition principle. Problem (17)—(20) also defines the dependence
of the functions wy(xo, T, X1, T1) and ¢y(xo, zo, T0, X1, 21, T1) on ‘slow’ variables xi, z;, T via
solvability conditions, which should be formulated to ensure that the asymptotic expansions (11)
are uniformly valid. More precisely, right-hand sides of the differential equations (17) and (19)
with respect to the functions w(xo, T, X1, T1), @(x0, 20, T0, X1, 21, T1) should not contain secular
terms in the ‘fast’ variables xg, zg, T.
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To identify secular terms, it is convenient to re-write Eq. (17) as

i 120(1 =) & w1 2 o*w
+ 12(1 = v)—= — 12(1 —
2 4 2 3 2 3
12(1—v)q 30wy awo 3 0“wy +96w()6w06w0
E 2 oxg Oxo ox3 0xp Ox3 Ox}
™Mo 240(1 —v?) *wo O*wo
24(1 —v* 12(1 = v)py,. 21
adon T E awdm T apger, TP @1
Here the contact acoustic pressure is decomposed as
P1(x0, 20, To, X1, 21, T1) = pro + P11- (22a)
Respectively, the same decomposition is applied to the velocity potential:
®1(x0, 20, T, X1,21, T1) = @19 + @y (22b)
The first component in Eq. (22a) is defined exactly as its counterpart (12¢):
P 0@y
=—— . 23
Po p o7, (23)

The first component in Eq. (22b) is also defined exactly as in the problem to leading order by the
homogeneous wave equation in ‘fast’ variables:

62<P1o 62<P10_C_262<P10

=0. 24
oxj = 0z ¢} OT} )
The boundary condition for this equation is
0y _ 0w
25
620 6T0 ( )

The operator defined by the left-hand side of Eq. (21) is identical to the operator on the left-hand
side of Eq. (12a). Therefore, secular terms must be removed from the right-hand side of this
equation. These terms are present in Eq. (21) both explicitly and implicitly, i.e., they are contained
in the pressure p;;. This component p;; and the component ¢,; are actually defined as the
‘residual’ from formulation (18)—(20)—with parts (23) and (25) removed:

_Pa a(ﬂll 09y 09y 09y ’
— — 2
pll 1% 6T() tar, 6T1 ) 2 { (aXO + 620 ’ ( 6)
a29011 62%1 _f 62(p11 - azq’o ) azq’o ﬁ 62% 27)
axé aZ% Cﬁ aT(z) N 6x06x1 620621 C% 6T06T1 ’
6(/)“ aqoo Oowg  Owp a<p0 (28)

aZO 621 aTl aXO 6x0 '
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Furthermore, it is possible (because of the linearity of this formulation with respect to the
functions p,; and ¢,;) to write

i 2
Pu =P(11)+P§1)- (29)

Here the first component is defined directly via ¢(xo, zo, To, X1, 21, T1) as

2 2
m __Pn|8e0 1) (% 999 30
= P 6T1 2{(6)60 + 620 ' ( )
The second component is
2) P 091,

=—— . 31
P o o7, (3D

In this formula, the velocity potential ¢, is a solution of the problem

62 62 2 62 62 62 2 62
(0211 <P211 _C_2 €0§1 - Po b Po 0 C_2 Po , (322)
axo aZO o] aTO aX()axl aZoazl h aT()aTl
0 Owg O

Pu _ W0 TP (5 = ). (32b)

aZ() o aXO 6)(()

Finally, the continuity condition for the functions ¢(xo, zo, T, X1, z1, T1) and wo(xo, T, X1, T'1) in
‘slow’ coordinates also follows from the continuity condition (28) when condition (32b) is
subtracted:

0@, 0wy

=5 (1=0) (33)
It does not present serious difficulties to formulate the solvability conditions for problem (21)—(33)
and therefore to find the dependence of the functions wy(xo, T, x1, T1) and @ (xo, z0, T, X1, 21, 1)
on the ‘slow’ variables x;, z;, T|. However, from a practical viewpoint it is important to obtain
only a stationary response, if it exists. This response implies that all derivatives in ‘slow’
coordinates vanish and the amplitude of vibrations of a plate is actually constant in ‘slow’
variables. Then the governing equation (21) is simplified to

o'wi 12a(1 —v?) 0w, 5 07wy 5
_ 1201 =) 22 o1 —
o E o TG — 1=
1201 =g 3 %y [owe\2 . (3Pwo\”
_12d-v)g 3 W40 Wo\", 5 _WZO
E 2 0x; \0xo 0x;
2 3
o 00 CWo OWo 4 15y 2y, (34)

Oxg 0x3 Ox;

Opyy 1 0y ? 00y ?
6T0 +2{<6x0 + aZ() ’ (353)

In this equation,

_Pn

p=-——
11 0
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62(p11 62</711_C_262§011
ox; = 0zf ¢ OT;

—0, (35b)

Op11 _ Owo ¢y

620 B aXO 6x0 (ZO - O) (35C)

The leading order terms in expansions (11) are formulated as

wo(x, 1) = Wy exp(ikxy — iwTy) + W exp(—ikxy — iwTy)
+ Wos exp(ikxy +iwTo) + Wos exp(—ikxy + iwT)), (36a)

iwh/c

Qo(x,z,t) =
' \/ k* — (wh/cn)?

— Wo CXp(—ik.Xo —iwTy) + Wos CXp(ikX() +iwTy)

[— W()] €Xp(ikX() — in())

+ Wos exp(—ikxg +iwTo)] exp(zo\/ k> — (wh/cp)?). (36b)
A resonant standing wave is generated when the driving load is
% [exp(ikyx — iwyt) 4+ exp(—ikyx — iw,t)
+ exp(ikyx + 1wy t) + exp(—ikyx + iw,1)]. (37)

q=

As shown in Ref. [4], the fluid-introduced nonlinearity does not contribute to the modulation
equation in this case of ‘weak’ resonant excitation. The origin of the secular terms lies only in the
terms that describe the structural nonlinearity (namely, the nonlinear curvature) and a standard
algebra gives a set of the ‘amplitude modulation’ equations for a stationary response in this
loading case. With Qo = (12(1 — v*)Q,)/E, these equations are

KTISW o1 Woa Wos + 2 W5, Wl =1 0, (38a)
KSUSWoa Wos Woa + B W2, W11 =10,, (38b)
k6[15 WoWopWos + % W%z W03] = % QO’ (38¢c)
KUSWo WosWoa + L Wi W] =10, (38d)
The solution is
o 1/3
Wo=Wp=Wp=Wu=W=k* <9—8> : (39)

As seen from Eq. (39), the resonant growth in the amplitude is bounded by the presence of the
‘structural’ nonlinearity.



S.V. Sorokin, C.J. Chapman | Journal of Sound and Vibration 284 (2005) 1131-1144 1141

3.2. ‘Strong’ sub-resonant excitation

Now the ‘strong’ excitation (J, = 0) at frequency w, = w/2 and wavenumber k, = k/2 is
addressed. In this case, the ‘fluid-produced’ quadratic nonlinearity generates interaction between a
wave of the above parameters and a resonant wave. A stationary solution in ‘slow’ variables of the
problem to the order O(1) is sought as

wo(x, 1) = Wy CXp(ikX() — 10Ty + W exp(—ikxo —iwTy) + Wos exp(ikxo +iwT))

. . ikxo —iwT —ikxg —iwT
+ Wos exp(—ikxo +iwTo) + Wy exp <M> + W exp (#)

2 2
" T i T
W exp <1>Co+%> W exp <w) (40a)
. 2 —1/2
Po(x,z,1) =1 w? [kz — (?—) [—Wo exp(ikxy) — 1w Ty) — Wy exp(—ikxy — iwT)
fl

2 1/2

+ Wos CXp(ikX() +iwTo) + Wos exp(ikxo + iCOTo)] exp | zo [kz — (6;)—)
fl

h mn2 " ikxo — i T ikxo — 0T
+1 i [kz — (i)—) [— W1 exp <71 0 —21w 0> — Wy exp (—_1 xoz_ @ 0>
fl

ikxg + 10T —ikxo + 10T
+ W3 exp <%> + W4 exp <#>]

zZ wh\*
X exp 50 [kz — <E>

The amplitude of the directly excited sub-resonant standing wave is found from the elementary
linear equation for Wy =Wp =Wz = W= W,

1/2
(40b)

N e\ (oh\E pp (ol\2[ N o\
v (5) () G) - () G |G) ()| (e @

Although the frequency w and the wavenumber k are found from the condition that the
expression in curly brackets—the dispersion function—vanishes for the pair (w, kK(®)), the pair
(w/2, k(w)/2) does not satisfy this dispersion equation. The ‘amplitude modulation’ equations are

k6 [15 W()] W02 W()3 + 12—5 W%l W04 +3 W()l Wﬂ

2 21!
L lon (O] gz g2 (O w2 =0,
& p \cr ch 1
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k6 [15 W()] W02 W()4 + 12—5 W%z W03 +3 Woz Wﬂ

L1 <wh> 1 342 [kz <°"h) ] }
8 p ch
k6 [15 W()] W03 W()4 + % W(2)3 W02 +3 W()3 Wﬂ
-1
L1 (“’h> 1 — 3k [18 (”h> ] } w
8 p cn
k6 [1 5 W()2 W03 W()4 + % W(2)4 WO] +3 W04 W[ﬂ

1 wh\? wh
+ P () s e - W =0. (42)
& p \cr ch 1

In this case, the stationary solution is Wy, = Wy = Wy = Wos = Wy, and the amplitude of the
resonant standing wave is found from the cubic equation

W3+ W Wo+gW, =0. (43)

The coefficients in this equation are

F1)15, g=— o Pn (@ Vi sele o (Y]
- 97180 p \cr cn

Although there is no difficulty in finding the roots of this equation by, e.g., the symbolic
manipulator Mathematica [11], its real root is elementarily defined in the form of an asymptotic
expansion in the small parameter W, (it is entirely realistic to assume that non-resonant
vibrations of a plate at frequency w, = w/2 and wavenumber k, = k/2 have a fairly small
amplitude W, <1). The expansion is

W, ~ 1/3W2/3 lf —1/3W4/3 (44)
The ratio of the resonant amplitude to the amplitude of the directly excited wave is
Wo/ Wy = —g' WP 4 1fg ' Pwis, (45)

As the amplitude of a driving force tends to zero, both the directly excited non-resonant wave and
the resonant wave indirectly excited by nonlinear modal coupling have vanishing amplitudes (see
formulae (41) and (44)). However, this formula suggests that the smaller the amplitude of a
driving load, the larger the ratio between the amplitudes of these waves. The dependence of the
amplitudes Wy (curve 1) and W, (curve 2) on the frequency pardmeter wh/cy is shown in Fig. 2a
for the non-dimensional eX01tat10n amplitude QO = 1.0 x 107>, Vibrations of a steel plate in water
are considered, for which p =78 x 10 kg/m?, E=2.1x10°MPa, v=0.3, p;=10x
10°kg/m3, ¢y =1.5x 10°m/s. The dimensional amplitude of a distributed load is Q, =
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Fig. 2. Forced nonlinear response of a plate with fluid loading: (a) Amplitudes of the sub-harmonic and the resonant
waves. Curve 1—the amplitude of the sub-harmonic wave; curve 2—the amplitude of the resonant wave. (b) The
amplitude ratio Wo/W, at Qy = 1.0 x 107 (curve 1), Oy = 3.3 x 107¢ (curve 2), Oy = 1.0 x 107° (curve 3).

0.183 MPa and the static axial pre-stress is ¢ = 21 MPa. As seen from the graph, starting from
wh/cp =~ 0.135 (for a steel plate of thickness 7 = 10mm, corresponding to a frequency of
f =~ 3.3kHz), the indirectly excited resonant response (curve 2) becomes larger than the directly
excited sub-harmonic response of a fluid-loaded plate (curve 1). Both are fairly small—the
dimensional amplitudes at f ~ 3.3kHz are Wim = W;hm = 0.0754 = 0.75mm. The amplitude
ratio Wo /W, versus the frequency parameter wh/c; is shown inFig. 2b. As seen, the weaker the
excitation of the sub-harmonic wave, the larger the amplitude ratio Wo/W,.
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4. Conclusions

The stationary nonlinear dynamics of an infinitely long uniform elastic plate under heavy fluid
loading has been analysed by the method of multiple scales. The excitation regimes, when
nonlinear modal interaction effects are pronouncedly developed, are identified and studied. In the
case of weak resonant excitation, the stationary response is controlled by the structure-originated
nonlinearity, and the steady-state amplitude of the standing flexural wave is proportional to the
cube root of the excitation force. In the case of strong sub-harmonic excitation, the stationary
response is controlled by the fluid-originated nonlinearity, and the resonant wave excited by the
nonlinear modal coupling may have larger amplitude than a directly excited non-resonant wave.
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